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Gear inspection is an important part of the gear 
production process. Modern CMMs and GMMs are 
extensively used in the industry for the validation of 
the accuracy of machined gears. Computer software 
is a core of correct application of CMMs and GMMs. 
Such software must be developed based on the 
correct analytical description of the tooth flanks of a 
gear and a mating pinion and their interaction.
By STEPHEN P. RADZEVICH, PH.D., DR.SCI.

T
his article deals with the accuracy of precision 
gears for gear pairs that operate on crossing axes 
of rotation of a gear and of a mating pinion. A 
few general comments are given regarding the 

features of gear-inspection procedure. In particular, 
the readers’ attention is stressed on the importance 
of the accurate gear datum surface for the purpose of 
gear inspection. Key elements of the kinematics of pre-
cision crossed-axes gearing are briefly outlined, and 
the principal reference planes in a gear pair are dis-
cussed. Generation of tooth flank of precision gear for 
crossed-axes gearing is disclosed. The right reference 
surface for inspection of precision gears for crossed-
axes gearing is identified.

INTRODUCTION
Gears are the machine elements of complex shape. To 
design and manufacture gears, gear drawings with a 
set of all necessary dimensions are commonly used. In 
the past, these were mainly hard (paper) copies of the 
gear images, which later on were replaced with their 
digital images.

Two groups of the gear design parameters are 
recognized. Interaction of the functional gear tooth 
surfaces depends on the actual values of the design 
parameters of the first group. The rest of the param-
eters of the performance of the gears depends on the 
actual values of the design parameters of the second 
group.

In this article, attention should be focused main-
ly on the gear design parameters of the first group. 
Smoothness of rotation of the output shaft strongly 
depends on the actual values of the design parameters 
of this group of parameters.

The methods of gear inspection for crossed-axes 
gear pairs used in the present-day practice are poor 
and inconsistent — almost all of them do not align 
to the modern theory of gearing. The approximate 
datum surface used for inspection purposes is the 
main reason for that. The datum surface is not conju-
gate to the gear being inspected, as it is generated as an 
envelope surface to a family of consecutive positions 

of the straight-sided crown rack in its motion in rela-
tion to the gear being inspected. This becomes espe-
cially evident when gears with a low tooth count are 
inspected — in this case the inconsistency of known 
methods of gear inspection is getting more evident. 
As the datum surface itself deviates from the desir-
able datum surface, the output of the gear inspection 
cannot be accurate.

When inspecting gears, the actual values of the 
gear design parameters are compared with the cor-
responding design parameters of the reference surface 
of the gear. The reference surface of the gear can be 
viewed as a virtual surface of a gear tooth that feature 
zero deviations from the ideal one.

True readings when inspecting gears can be 
obtained if and only if the reference surface of the 
gear is correct. No true readings can be obtained if the 
reference surface of the gear deviates from its desired 
geometry.

REFERENCE SURFACE OF THE GEAR
Commonly, the reference surface of a gear to be 
inspected is generated by means of a virtual straight-
sided crown rack, R. For this purpose, the gear vec-
tor diagram of the mesh “gear-to-crown rack” is 
employed. When rolling in relation to the reference 
system, XgYgZg, associated with the gear to be inspect-
ed, the auxiliary crown-rack, R, occupies a plurality 
of consecutive positions. Envelope surface to a family 
of consecutive positions of the auxiliary crown-rack, 
R, is assumed to be the reference surface of the gear.

Several published works (see [1], [2] and others) dis-
agree. The auxiliary crown-rack, R, and the reference 
surface of the gear are the two different surfaces of 
a completely different nature. They are not congru-
ent, and, moreover, the deviations of the envelope 
surface from the desired reference surface are not 
known. Neither the actual value of the deviations nor 
the directions (inward or outward the bodily side) in 
which the deviations are measured are not known. 
Such a surface cannot be used as a reference surface 
when inspecting precision gears.
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Without going into details, the follow-
ing statement can be drawn up: No better 
alternatives are known for reference surfaces for 
the inspection of precision gears that operate on 
crossing axes of rotation. Instead of a strictly 
defined reference surface, another poorly 
defined surface is extensively used in com-
puter software for modern CMMs and GMMs. 
This is because the straight-sided crown 
rack, R, is not conjugate to the reference 
surface of the gear.

Having no reference surface, it is impos-
sible to make correct measurements, and all 
readings when inspecting precision gears for 
gear pairs that operate on crossing axes of 
rotation cannot be correct.

In order to proceed with the further anal-
ysis, the key elements of the kinematics of precision crossed-axes 
gearing are required to be concisely outlined.

KEY ELEMENTS OF THE KINEMATICS OF PRECISION 
CROSSED-AXES GEARING
Crossed-axes gear pairs are used to transmit a rotary motion from an 
input shaft to an output shaft, axes of which intersect. Commonly, 
the pinion is a driver, and the gear is an epy-driven component of 
the gear pair.

As it illustrated in Figure 1a, the gear is rotated, wg, about its 
axis of rotation, Og, while the pinion is rotated, wp, about its axis of 
rotation, Op. The axes of rotation, Og and Op, are at a center-distance, 
C, apart from one another. In other words, the distance between 
the gear base-cone-apex, Ag, and between the pinion base-cone-apex, Ap, 
equals C. The axes, Og and Op, form the shaft angle, S. More precisely, 
the shaft angle, S, is commonly specified as S = ∠(wg,wp).

Here, in Figure 1a, an image of crossed-axes gear pairs is over-
lapped by a corresponding gear vector diagram. The gear vector dia-
gram, constructed for this gear pair, is shown in Figure 1b.

The axis of instantaneous rotation, Pln, is pointed along the vector 
of instantaneous rotation, wpl, where  wpl = wp — wg.

Three rotation vectors: wg, wp, and wpl, form the core of the gear-
vector diagram. These rotation vectors are employed to specify four 
principal planes associated with the gear pair. They are (see Figure 2):

 � The pitch-line plane (or just Pln—plane, for simplicity). The  plane, 
is a plane through the vector of instantaneous rotation, wpl, and 
through the center-line, CL;

 � The center-line plane (or just Cln—plane, for simplicity). The Cln—
plane, is a plane through the center-line, CL, perpendicular to the 
vector of instantaneous rotation, wpl;

 � The normal-line plane (or just Nln—plane, for simplicity). The Nln—
plane, is a plane through the plane-of-action-apex, Apa, perpendicular 
to the center-line, CL;

 � The plane-of-action plane (or just PA—plane, for simplicity). The  
PA —plane, is a plane through the vector of instantaneous rotation, 
wpl, that forms a transverse pressure angle, ft.w, with the Nln—plane.

Usage of gear vector diagrams (see Figure 1) together with the 
set of principal planes associated with the gear pair (see Figure 2) 
significantly simplify the further discussion.

TOOTH FLANK GEOMETRY IN PRECISION GEARS  
FOR GEAR PAIRS THAT OPERATE ON CROSSING  
AXES OF ROTATION
The proposed method of inspection of precision gears for gear pairs 
that operate on crossing axes of rotation of the gears has many 

Figure 1: Schematic of crossed-axes gear pair (a); and corresponding gear vector diagram (b).

Figure 2: A set of principal planes of crossed-axes gear pair associated with gear 
vector diagram.

Figure 3. Configuration of the desirable line of contact, LCcirc, within the plane of 
action, PA, in geometrically-accurate crossed-axes gear pair.
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similarities with the method of generation of the gear tooth flanks 
in R—gearing.  R—gearing is the only kind of geometrically-accurate 
crossed-axes gearing with line contact between the tooth flanks G 
and P . Therefore, it would be helpful to outline the key points of 
derivation of the gear tooth flank geometry in R—gearing.

Designing of gears for R—gearing, begins with the specification of a 
desirable line of contact, LCdes. As an example, let us assume that the 
desirable line of contact, LCdes, is shaped in the form of a circular arc, 
LCcirc, of certain radius Rlc, that is, LCdes ≡ LCcirc, as shown in Figure 3. 
By definition, the line of contact, LCcirc, is entirely situated within the 
plane of action, PA. Even though the desirable line of contact, LCdes, 
is already specified, no tooth flanks, G and P , of the gear, and of the 
mating pinion teeth are generated yet.

In crossed-axes gearing, the plane of action, PA, is tangent from 
the opposite sides to base cones of the gear, and that of the mating 
pinion. It is helpful to consider the sketch in Figure 3 together with 
the schematic of the set of principal planes and the gear vector dia-
gram depicted in Figure 2. It is also recommended to include in this 
analysis the gear vector diagram along with the schematic of the 
gear pair shown in Figure 1.

Consider a Cartesian coordinate system, XgYgZg, associated with 
the gear. Another Cartesian coordinate system, XpYpZp, is associated with 

the mating pinion. The base-cone-apexes, Ag 
and Ap, are at distances Cg and Cp from the 
plane-of-action-apex, Apa, correspondingly, 
as illustrated in Figure 4.

When the plane of action, PA, is rotated, 
wpa, about the plane-of-action-apex, Apa, the 
Cartesian coordinate systems, XgYgZg and XpYpZp, 
are rotated, and the rotations, wg and wp, 
are properly timed with one another. In 
such a relative motion two family of the 
lines of contact, LCcirc, are generated. The 
first family of the lines LCcirc is generated 
in the reference system XgYgZg. These lines 
are entirely situated within the gear tooth 
flank, G, and, therefore can be employed 
as reference for inspection the gear tooth 
flank, G. Another family of the lines LCcirc 
is generated in the reference system XpYpZp. 
These lines are entirely situated within the 
pinion tooth flank, P , and, therefore can 
be employed as reference for inspection the 
pinion tooth flank, P .

KINEMATICS OF INSPECTION  
OF PRECISION GEARS FOR 
CROSSED-AXES GEARING
When inspecting precision gears for crossed-
axes gearing, stylus of the dial type indicator 
has to travel properly in relation to the gear 
to be inspected. For this purpose, the gear 
is rotated about its axis of rotation, Og. The 
plane of action, PA, is rotated about its axis 
of rotation, Opa (the axis of rotation, Opa, is 
a straight line through the plane-of-action-
apex, constructed perpendicular to the 
plane of action, PA). The rotations, wg and 
wpa, are synchronized with one another. In 
addition to the rotations, wg and wpa, of the 
gear, and of the plane of action, the stylus 
travels either along the gear tooth (in the 

lengthwise direction of the gear tooth), or across the tooth.
The concept of inspection of gear in lengthwise direction of gear 

tooth. In the course of inspection of a gear for real crossed-axes gear 
pair, intersection of the tooth flank, G, by the plane of action, PA, is 
considered. In Figure 5a, the line of intersection through arbitrary 

Figure 4: The gear-center-distance, Cg, and the pinion-center-distance, Cp, in 
crossed-axes gear pair.

Figure 5: Deviation of tooth flank of a real gear from tooth flank, G, of a corresponding geometrically-accurate 
gear (a); and inspection of accuracy in the lengthwise direction of a gear for crossed-axes gear pair (b).
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point within the tooth flank is labeled as 
LGi. When the gear is rotated simultaneously 
with the plane of action, PA, the geometry 
of the line of intersection, LGi, of the gear to 
be inspected alters. A plurality of the lines 
of intersection, LGi, on the actual gear tooth 
flank, those generated during the meshing 
cycle of a pair, is situated within a bend of an 
angular width, d, in the plane of action, PA. 
The angular deviation, di, at a current con-
figuration of the gear in relation to the plane 
of action, PA, can be physically measured in 
a gear/pinion. The current value of the angu-
lar deviation, di, can be also calculated.

When inspecting tooth flank geometry 
of a gear in the lengthwise direction of the 
gear tooth (see Figure 5b), the stylus tip 
travels along the line of intersection of the 
desirable tooth flank by the plane of action, 
PA. At the current point, m, the line, a, along 
which the deviation is measured, is situated 
within the plane of action, PA, and it is per-
pendicular to the bevel gear tooth flank at 
this point, m.

The considered concept can be employed 
for the inspection of the variation of the 
angular base pitch in a gear.

The concept of inspection of the gear 
tooth profile. When inspecting a gear for 
intersected-axes gear pair (see Figure 6a), 
the gear is rotated about its axis of rotation, 
Og. The plane of action, PA, is rotated about 
its axis of rotation, Opa. When inspecting 
crossed-gears (see Figure 6b), the axes of rota-
tion, Og and Opa, are at a certain distance, Cg, 
from one another.

The rotations, wg and wpa, are synchro-
nized with one another so as to keep the sty-
lus at current point, m, on the desirable gear 
tooth flank, G. Point, m, is situated within 
the plane of action, PA. The line a, along 
which the deviation is measured is entirely 
located within the plane of action, PA, and it 
is perpendicular to the gear tooth flank at 
the point, m. The stylus tip is motionless in 
relation to the plane of action, PA, when inspecting the tooth profile 
error of the gear tooth flank.

When inspecting the gear tooth flank, G, the reference surface in 
both cases is a kind of conjugate surface, namely, it can be conjugate 
to both: to the tooth flank of the crown rack, R (not straight-sided 
rack in this particular case), and to the tooth flank of a mating pin-
ion, P .

The tooth flank of a precision gear for gear pairs that operate on 
crossing axes of rotation of a gear and of a mating pinion is schemati-
cally shown in Figure 7.

The net formed of stylus tip traces in the lengthwise direction of 
the gear tooth, and in its transverse section, is entirely situated on 
the reference surface.

The concept of inspection of operating angular base pitch in crossed-
axes gearing: Operating base pitch, jb.op, is defined as the angular 
distance between points of intersection of two adjacent line of contact, 
LCi and LCi+1, by a common circular arc that is centered at the plane-

of-action apex, Apa. This is illustrated in Figure 8.
The actual value of the operating base pitch, jb.op, does not depend 

on the value of the circular arc radius: rpa.1, rpa.2, and so forth. For a 
specified gear pair, the operating base pitch, jb.op, is of a constant 
value (jb.op = const).

The angular base pitch in a gear, jb.g, must be equal to the operat-
ing base pitch, jb.op, in a gear pair (jb.g ≡ jb.op). Similarly, the angular 
base pitch in a mating pinion, jb.p, must be equal to the operating 
base pitch, jb.op, in a gear pair (jb.p ≡ jb.op).

Three angular base pitches, namely: jb.g, jb.p, and jb.op, are of 
fundamental importance for geometrically-accurate gearing.

No conjugate reference surface can be generated by means of a 
straight-sided crown rack, as recommended in [4], [5], [6], [7]. The 
surface generated this way deviates from the true references surface. 
This difference adds to the total error of the gear tooth flank inspec-
tion. This error is getting more substantial when gears with a low 
tooth count are inspected: the lower the tooth count, the greater the 

Figure 6: Inspection of the accuracy of tooth profile in a gear for intersected-axes gear pair (a); and kinematics 
of a method of inspection gears for crossed-axes gear pair (b).
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error, and vice versa [3].

CONCLUSION
Gear inspection is an important part of the gear production process. 
Modern CMMs and GMMs are extensively used in the industry for the 
validation of the accuracy of machined gears. Computer software is a 
core of correct application of CMMs and GMMs. Such software must 

be developed based on the correct analytical description of the tooth 
flanks of a gear and a mating pinion and their interaction.

The results of the research in the theory of gearing obtained to 
this end enable one solving vital problems that pertain to gear cine-
matics and to gear geometry. In particular, this includes the develop-
ment of computer software for gear inspection.

Commercial software somehow resembles a meat grinder: to get 
fresh ground meat (at the output from the meat grinder), fresh meat 
at the input is required — this is a must. There is no chance to get 
fresh ground meat if the meat to be ground is rotten. The meat grind-
er itself is not capable of improving the quality of the ground meat.

Something similar is observed when the design parameters of 
a gear pair are treated by computer software. The mathematical 
description of the gear pair (the mathematical foundation of the soft-
ware) must be accurate, complete, and reliable; otherwise, no accu-
rate output from the computer can be obtained, which is evident.

Certain means and possibility of validation of the software for 
CMMs and GMMs are a must.

Present day software for CMMs and GMMs offers no reliable 
means to validate the accuracy of the produced gears. Fortunately, 
this problem has a solution — CMMs can be effectively used to check 
the accuracy of the base pitch in the gear. This is the most reliable 
way to validate the accuracy of gears for  C—gearing, as the angular 
base pitch of a gear is the only design parameter on which the per-
formance of the gear pair depends. Such an approach is capable of 
determining separately a contribution of:

 � The design errors caused by the inconsistencies inherited to 
the gear software itself.

 � The errors caused in the gear machining processes.
 � The errors caused by the distortion of the gear after heat treat-

ment to the resultant deviation of the gear (pinion) tooth flank.
Inspection of the gear base pitch can be performed by a CMM’s 

operator of average skills and experience. 
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Figure 7: Tooth flank, G, in a precision gear for crossed-axes gear pair: The stylus 
tip traces in the lengthwise direction of the gear tooth, and in its transverse 
section, form a net.

Figure 8: Operating angular base pitch, jb.pa, in gearing that operates on crossing 
axes of rotation.
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